The generalized tight-binding model has been developed to thoroughly explore the essential electronic and optical properties of AB-bt bilayer silicene. valley band structure and semiconductor-metal transition as E z varies. The E zdependent magnetic quantization exhibits the rich and unique Landau Levels (LLs) and magneto-optical spectra. The LLs have the lower degeneracy, valley-created localization centers, unusual distributions of quantum numbers, well-behaved and abnormal energy spectra in B z -dependences, and the absence of anti-crossing behavior. A lot of pronounced magneto-absorption peaks occur at a very narrow frequency range, being attributed to diverse excitation categories. They have no specific selection rules except that the Dirac-cone band structures are driven by the critical electric fields. The optical gaps are reduced by E z , but enhanced by B z , in which the threshold channel might dramatically change in the formed case. The above-mentioned characteristics are in sharp contrast with those of layered graphenes.
properties of these two materials. The massless Dirac fermions of monolayer graphene primarily come from a honeycomb lattice with an underlying geometric symmetry. This yields a gapless semiconductor whose DOS vanishes at the Fermi level. Silicene and germanene are semiconductors and possess direct band gaps, in which the Dirac cones are distorted and separated by the significant SOCs. All the group-IV 2D systems have both valley and spin degeneracies. Central to the manipulation of energy bands is to engineer an energy gap which yields a material for semiconductor applications. This serves to diversify tailor-made electronic properties which we could efficiently utilize.
Up to this point in time, few-layer silicene has been successfully synthesized on different substrates [26, 27] . Specifically, the AB-bt and AB-bb (bottom-bottom) configurations are observed by high-angle annular dark field scanning transmission electron microscopy [28] .
Also, AB-bt stacking with the lowest ground state energy among bilayer silicene systems is herewith chosen for a thorough investigation of its electronic and optical properties. Its atomic structure with intra-and inter-layer atomic interactions and buckling order are depicted in Fig. 1 , for which the first Brillouin zone is the same as that of layered graphene.
With the significant SOCs, an electric field can destroy the (x, y)-plane mirror symmetry and thus lead to valley-and spin-split states in the AB-bt configuration. These critical factors dominate the low-energy physical properties. It is well known that a uniform perpendicular magnetic field creates highly degenerate LLs by quantization of the neighboring electronic states. The well-behaved LLs possess symmetric/antisymmetric spatial distributions in a localized range and their energy spectra display band-induced field dependencies. There also exist some perturbed/undefined LLs with frequent anti-crossing behaviors. Specifically, the generalized tight-binding model can be used in conjunction with many-body and single-particle theories when the eigenstates are represented in terms of sublattice envelope functions. The unified models are appropriate for investigating a variety of properties including electronic properties, optical conductivities, quantum Hall effect, and Coulomb excitations. 
The generalized tight-binding model and Kubo formula
We develop the generalized tight-binding model to include all the critical factors in exploring the diverse electronic and optical properties of AB-bt bilayer silicene. The intra-and inter-layer atomic interactions, layer-dependent traditional and Bychkov-Rashba SOCs, and external electric and magnetic fields are taken into consideration simultaneously. As to the bottom-top configuration, the first and second layers present the opposite buckled ordering, as shown in Fig. 1(b) . As a result, the vertical interlayer atomic interaction and SOCs are significantly strong. These dominate the low-lying electronic properties and absorption spectra. There are four atoms per unit cell, similar to that of bilayer graphene.
On the other hand, silicene has a lattice constant of a = 3.86Å, which is much larger that that of graphene. Moreover, the buckled structure in silicene leads to an angle of θ =
78.3
• between the Si-Si bond and z−axis. For AB-bt stacking, four sublattices of A 1,2
and B 1,2 lie on four distinct planes with intra-and inter-layer distances l z = 0.46Åand l 0 = 2.54Å, respectively ( Fig. 1(b) ). The above-mentioned intrinsic factors are responsible for the greatly diversified essential properties.
The tight-binding Hamiltonian may be written as [25] reproduce the low-lying energy bands calculated by the first-principles method [25, 29] .
If AB-bt bilayer silicene is subjected to a uniform perpendicular magnetic field, Hamiltonian becomes a huge Hermitian matrix. The enlarged unit cell due the vector potential (details in [25] ) is demonstrated in Fig. 1(a) , e.g., 10 4 silicon atoms under B z = 40 T. For such a complex system, there is much difficulty in solving the eigenvalues and eigenstates.
We need to employ the band-like method and the spatial localizations of the magnetic wavefunctions to efficiently solve the LL eigenvalues and eigenfunctions. Moreover, based on the B z -dependent evolution of LL energies, we can predict the main characteristics of
LLs at the laboratory-produced field from those at higher field. Each LL wavefunction, with the quantum number n, is given by
We have ψ α,β (n, k)) denotes the amplitude of the spatial distribution. They are strongly dependent on the lattice sites. It should be noted that we have built up the tight-binding model using the r-scheme. That is, the calculations are based on the sublattices in an enlarged unit cell in coordinate space.
Moreover, the magnetic distribution width is much larger than the lattice constant, the amplitudes (the sub-envelope functions) in an enlarged unit cell could thus be considered as spatial distributions of the magnetic wave functions on the distinct sublattices. The LL wavefuntions provide sufficient information for us to explore the main phenomena of magnetic quantization and the optical selection rules. This is in sharp contrast with the method using the k-scheme as done by other research groups [30, 31] .
When AB-bt bilayer silicene is present in an electromagnetic field, electrons are vertically excited from occupied states to unoccupied ones with the same wave vectors. The generalized tight-binding model combined with the dynamic Kubo formula is suitable for thoroughly exploring the optical excitations in the presence/absence of external fields. The zero-temperature spectral function related to the optical conductivity (A(ω) ∝ ωσ(ω)) is
The absorption function is associated with the velocity matrix element (the first term in Eq. (3)) and the joint density of states (JDOS; the second term). The former, which is evaluated from the gradient approximation, as successfully utilized in layered graphene systems [32] , can determine the existence of vertical excitations/inter-LL transitions. That is, this dipole moment dominates the magneto-optical selection rules from the symmetries of the spatial distributions in the initial and final states. The latter reveals the van Hove singularities as the special absorption structures. The generalized tight-binding model, combined
with the Kubo formula, is useful for the thorough investigation of essential physical properties in many 2D materials, such as graphene [24] , silicene [25] , tinene [10] , phosphorene [13] , bismuthene [16] , and others.
Discussions on Calculated Results
The unusual electronic structure in bilayer silicene, being characterized by the silicon 3p z orbitals for the low-lying bands, covers the extremal band-edge states (black arrows), the partially flat energy dispersions along the specific direction (red arrows), the constantenergy loops (blue arrows), and the linear Dirac-cone structures (green arrows). The second and third types could be regarded as 1D parabolic dispersions, revealing similar peak structures in the DOS, which we discuss below. The zero-field result is in agreement with that obtained from the first-principles method [29] . The valence and conduction bands are very sensitive to an external electric field. They are split into two pairs of spin-up-and spin-down-dominated energy subbands (S and three kinds of Van Hove singularities could be directly identified from experimental measurements using scanning tunneling spectroscopy (STS) [33, 34] . Also, STS is the most powerful tool relating the measured tunneling current to the DOS. Bilayer silicene exhibits exceptional absorption spectra, in sharp contrast with those of the monolayer system [6] . There are three special structures in optical excitations, as clearly shown when E z = 0 by the black curve in Fig. 3 (a). The first two belong to the shoulder structures, in which the first and second ones, respectively, arise from the bandedge states at the K and T points (purple and red arrows in Fig Four LL subgroups possess the usual orderings of state energy and energy spacing; that is, such properties, respectively, grow and decline with the increase/decrease of E c /E v . The LL energy splitting is induced by both SOCs and stacking configuration/interlayer atomic interactions, in which the former is much larger than the later. The split energy is strongly dependent on the magnetic field strength (discussed later in Fig. 7(a) ).
Since the low-lying valence and conduction have different localization centers, the vertical magneto-optical transitions between them are forbidden. The higher conduction and deeper valence LLs, with many oscillation modes, are critical in understanding the magnetooptical excitations; therefore, they deserve a closer observation. They are, respectively, quantized from the electronic states near T and K valleys, corresponding to the shoulderlike energy bands ( Fig. 2(b) ). This is thoroughly different from the magnetic quantization in bilayer graphene systems [3] . The energy spectrum and spatial distributions of the higher conduction LLs are clearly illustrated in Figs. 5(a)-(c)) They clearly exhibit the nonsymmetric and non-well-behaved spatial distributions; that is, they belong to the perturbed LLs with the main and the side modes [3] . For the higher conduction/deeper valence LLs, their contribution widths are wide and the effective width covers two localization centers of (1/6, 1/4) & (2/6, 1/4). As the result, the low-lying conduction/valence and the deeper valence/higher conduction LLs will have a significant overlap in the spatial distributions, being expected to be very important in the magneto-optical threshold excitation. The magneto-electronic properties can be greatly diversified by an external electric field. For the zero-gap band structure under a critical electric field, E z = 106 meV/Å, the magnetic quantization is initiated from the valence and conduction states near the K and T valleys (Fig. 6 ). There exist the low-lying valence and conduction LLs with the same localization center simultaneously, instead of only conduction or valence ones as for E z = 0. In particular, the well-behaved valence LLs at 1/6 and 2/6 centers (the conduction ones at 1/4 center) come to exist, as marked by the arrows in Fig. 6(a) . Such LLs come from the rather pronounced oscillating band structure in the presence of an electric field ( Fig. 2(e) ). The LL energy spectrum and spatial distributions for this critical electric field Fig. 2(b) ).
It should be noticed that, the onset energies of LL subgroups are strongly dependent on the strength of electric field. The effects of composite fields are clearly illustrated by the B z -dependent LL energy spectra at the critical electric field strengths, as shown in Figs.
8(b) and 8(c).
The asymmetry of LL energy spectrum is enhanced under the first critical electric field, E z = 106 meV/Å ( Fig. 8(b) ). There are four initial LLs of (n Under the second critical electric field of E z = 124 meV/Å, the conduction and valence LL subgroups initiated from the K valley approach to each other, as shown in Fig. 8 
(c).
This directly reflects the linear and isotropic Dirac-cone structures near the K point ( from the K one becomes unoccupied and occupied, respectively, as illustrated in Fig. 8(c) .
The above-mentioned features are also revealed in the B z -dependent LL energy spectra for the third critical field of E z = 153 meV/Å by means of the interchange of the K and T valleys. In general, an electric field creates more low-lying well-behaved conduction and valence LLs and thus is expected to induce very complicated magneto-optical absorption spectra. in other well-known 2D systems, e.g., graphene [24] and phosphorene [13] . The threshold absorption peak, the optical gap, belongs to the intra-subgroup n
transition (red arrow in Fig. 9(a) ). Its frequency is expected to be dependent on both LLs from the T valley. The above-mentioned absorption peaks, including the type-I and type-II ones, belong to the 4 excitation categories, but not 16 ones. They cover the n It is worth to consider the magneto-optical spectra at the second critical electric field (E z = 124 meV/Å) when a Dirac cone is formed at the K valley. Both type-I and type-II magneto-optical excitations come to exist in the absorption spectra. The former satisfy the optical selection rules of ∆n = 0 and ± 1 while the later do not. Especially, the formation of Dirac cone induces the extraordinary phenomena. Since the Dirac cone lies below the Fermi level (Fig. 2(h) ), the occupation of some LLs near the Dirac point is altered, which directly affects the threshold magneto-optical excitation (Fig. 11) . The intra-subgroup excitation channels of n peak, which is determined by the former, is present at rather low frequency (ω th ∼ 50 meV).
Furthermore, there exists a double peak due to the two peaks of (n With the increase of electric field up to the first critical field (E z = 106 meV/Å), the threshold frequency, which is determined by the first shoulder-like absorption structure ( Fig. 3(a) ), is gradually declined from around 0.4 eV, as clearly illustrated in Fig. 12(a) . Right after this field, such structure is absent since the conduction/valence band-edge state near the Fermi level becomes occupied/unoccupied for the K/T valley. As a result, the threshold frequency, being associated with the excitation of electronic states near the K valley, continues to decrease. The further increase of E z changes the threshold excitation to be near the T valley and slightly lowers the optical gap.
Regarding the magneto-optical threshold peak in the absence of electric field, its frequency is characterized by the type-II absorption peak of n v 1↓ = 0 → n c 1↓ = 12 (red arrow in Fig.   9 (a)). The optical gap monotonically grows with the increment of magnetic field, as clearly shown in Fig. 12(b) . This is in a consistency with the B z evolution of LL energies, in which the conduction/valence LL energies gradually rise/decline with increasing B z ( Fig.   8(a) ). Under the composite fields, the threshold frequency has an inverse relation with the electric field for a fixed magnetic field, as demonstrated in Fig. 12(c) for B z = 40 T. With increasing E z from zero up to 153 meV/Å, the optical gap is generally decreased. For E z < 106 meV/Å where the band gap is nonzero, the threshold peak is determined by the type-II Absorption [37, 38] , transmission [38] [39] [40] [41] and reflection spectroscopies [38, 42] are the most efficient techniques in exploring the essential optical excitations of condensed-matter systems. They are employed as analytical tools for a characterization of optical properties, when the experimental measurements are taken on the fraction related to the adsorbed, transmitted, or reflected light by a sample within a desired frequency range. A broadband light source is utilized and done through a tungsten halogen lamp with the broad range of modulation intensity and frequency [39, 42] . The transmission experiments have confirmed that the absorption intensity of monolayer graphene is proportional to the frequency because of the linear dispersions in the isotropic Dirac cone of massless fermions [39] . Besides, massive Dirac fermions are identified in AB-stacked bilayer graphene [38, 41] . Moreover, infrared reflection and absorption spectroscopies are also utilized to verify the partially flat and sombrero-shaped energy bands of ABC-stacked few-layer graphenes [37] . Three kinds of optical spectroscopies are very useful to examine the stacking-and E z -enriched vertical excitation spectra of AB-bt bilayer silicene, e.g., form, intensity, number and frequency of special absorption structures.
Magnetic quantization phenomena of low-dimensional systems could be investigated using magneto-optical spectroscopies [39, 40, [43] [44] [45] . The magnetic field is presented by a superconducting magnet [39, 40, 45] and semidestructive singleturn coil [43, 44] with the desired field strength below 80 T. The examined/verified phenomena are exclusive in graphene-related systems, such as dispersionless LLs in layered graphenes [39, 40, 45] and quasi-one-dimensional Landau subbands in bulk graphites [39, 40, 45] . A lot of pronounced delta-function-like absorption peaks are clearly revealed by the inter-LL excitations arising from massless and massive Dirac fermions, respectively, in monolayer [39] and AB-stacked bilayer graphenes [45] . For absorption peak frequencies, the former and the latter obviously exhibit the square-root and linear B z -dependences. Concerning inter-Landau-subband excitations in Bernal graphite, one could observe a strong dependence on the wave vector k z , which characterizes both kinds of Dirac quasi-particles [43, 44] . The rich and unique magneto-optical spectra in bilayer AB-bt silicene are worthy of further experimental examinations, covering diverse absorption structures, B z -and E z -created excitation channels/threshold frequency, many absorption peaks within a very narrow frequency range, and the absence/presence of specific selection rules. They could provide the rather useful information about the buckled structure, stacking configuration/interlayer hopping integrals, and significant layer-dependent SOCs.
Concluding Remarks
In conclusion, the electronic and optical properties of AB-bt bilayer silicene under electric and magnetic fields are studied using the generalized tight-binding model. The theoretical framework is suitable for the full exploration of the essential properties in many other emergent 2D materials. The rich and unique critical properties are identified from the special buckled structure, symmetric stacking configuration, complicated intralayer and interlayer atomic interactions, and significant layer-dependent SOCs. They are in great contrast with those in layered graphenes [24] . The theoretical predictions could be verified by three kinds of optical spectroscopies [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] .
AB-bt bilayer silicene possesses the feature-rich low-lying energy bands, with a sizable indirect band gap, the extremal band-edge states, the partially flat energy dispersions along the specific direction, and the constant-energy loops. These critical points in energywave-vector space are revealed as shoulder-like structures and prominent peaks (van Hove singularities) in the DOS. The absorption spectrum presents two shoulder structures, coming from band-edge states, and an antisymmetric peak, corresponding to the weak energy
dispersions. An applied electric field can create the spin-split states, the semiconductormetal phase transition and the formation of Dirac-cone structures at different valleys. As a result, more abnormal optical structures come to exist in the absorption spectra.
The magnetic quantization presents the unusual and complex phenomena. The low- The uniform perpendicular electric field leads to the dramatic changes in LLs, and thus the more complex magneto-absorption spectra. Since the oscillating band structure becomes pronounced, both well-behaved conduction and valence LLs come to exist at each valley. The splitting of sublattice-and localization-dominated LLs is getting more obvious.
Accordingly, the inter-LL optical transitions at lower frequency with specific selection rules are revealed in the absorption spectra. The threshold frequency gradually declines with the increasing E z . The electric-field-controlled optical properties open a new opportunity in the application of novel designs of Si-based nano-electronics and optical-devices with enhanced mobilities.
